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Dynamics of a magnetic gear
with two cogging-free operation modes
Stefan Hartung and Ingo Rehberg
Abstract—The coupling of two rotating spherical magnets
is investigated experimentally. For two specific angles between
the input and output rotation axes, a cogging-free coupling is
observed, where the driven magnet is phase-locked to the driving
one. The striking difference between these two modes of operation
is the reversed sense of rotation of the driven magnet. For
other angles the experiments reveal a more complex dynamical
behavior, which is divided in three different classes. This is
done by analysing the deviation from a periodic motion of the
driven magnet, and by measuring the total harmonic distortion
of this rotation. The experimental results can be understood by
a mathematical model based on pure dipole-dipole interaction,
with the addition of adequate friction terms.
Index Terms—Couplings, Gears, Permanent magnets, Perma-
nent magnet machines, Rotating machines.
I. INTRODUCTION
MAGNETIC gears have advantages: The input and outputare free of mechanical contact. Thus they are not
subject to mechanical wear, need no lubrication, and operate
with reduced maintenance. Moreover, they possess inherent
overload protection, are noiseless, and highly reliable [1].
With the appearance of strong magnets based on alloys
of rare-earth elements, the interest in magnetic gears based
on permanent magnets grew because of increased torque
transmission capabilities [2], [3], [4], [5], and continues to
do so today [6].
An interesting type of a magnetic gear based on pure
magnetic dipoles has been proposed in 2015 by J. Scho¨nke
[7]. Inspired by his former work on a seven-fold magnetic
clutch [8], he demonstrated theoretically that two magnetic
dipoles could couple in two cogging-free modes, provided
that the angles of the two rotation axes follow a certain alge-
braic condition. Almost pure dipoles are indeed commercially
available in the form of spherical permanent magnets, as has
been demonstrated experimentally [9]. A first experimental
demonstration of the principle of this gear using such spherical
magnets concentrated on static aspects [10]. In this paper, we
provide measurements of the dynamical behaviour of such
a gear. Moreover, we compare these measurements with nu-
merical simulations of the dynamics of two coupled magnetic
dipoles.
II. EXPERIMENTAL SETUP
Fig. 1 shows the experimental setup, which is very similar
to the one described by Borgers et al. [10]. The two spherical
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Fig. 1. Photograph of the experimental setup. Both shaft axes are marked by
a dashed red line. The input shaft connected to the motor by a brass rod is
marked as SI, the output shaft as SO. The directions of the magnetic dipole
moments ~m1 and ~m2 are shown by the red arrows. Their respective rotations
are marked by the input dipole angle α and the output dipole angle β. The
spacer holding the distance ~r12 between the dipole centers is named R. The
dotted yellow line connecting the two dipoles forms the input shaft angle Θ
with the input axis and the output shaft angle Φ with the output axis. The
marker for the optical data readout at the front end of SO is seen in the inset.
neodymium permanent magnets have a diameter of 19 mm and
are each attached to a shaft with their dipole moment aligned
perpendicular to the rotation axis with a precision of about 3◦.
Both axes lie in the horizontal plane. The bearings are non-
magnetic and electrically non-conducting. The input shaft runs
in a bearing that consists of a plastic cage with glass beads,
which has been constructed in our in-house workshop. It is
connected to a stepper motor by an 80 cm long brass rod to
suppress any magnetic interference between the motor and the
spherical magnets. The output shaft runs in two industrial full
ceramic deep groove ball bearings made out of silicon nitride,
in which it can rotate freely [11].
To track the orientation of the dipole ~m2, the end of the
output shaft is covered with a white surface marked with a
black line which is recorded by a CCD-camera. The stepper
motor and the CCD-camera are both connected to a computer.
The input dipole angle α (see Fig. 2) is detected by a signal
from the stepper motor yielding a resolution of 7.2◦. The
output dipole angle β is obtained by digitally processing the
image of the black line marker. As an additional feedback to
track α, a commercial wireless acceleration sensor is located
on the brass rod that drives the input [12]. The position of
the output shaft is fixed on a granite table, while the input
shaft can be oriented freely on the surface of the table.
An interchangeable spacer keeps the distance between the
dipoles constant during a set of experiments while the relative
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Fig. 2. Coordinate system showing the relevant angles for the magnet
orientation. The x-axis connects the center of the input magnet (left sphere)
with that of the output magnet (right sphere). Their distance is marked as
~r12. The rotation axes of the magnets are shown by the blue arrows and lie
in the x-y-plane. Their angle towards the x-axis is Θ for the input and Φ for
the output. The respective dipole moments ~m1 and ~m2 are shown as thick
arrows. Their orientation is marked by the angles α and β measured against
the x-y-plane.
orientation of their rotation axes can be varied.
The system geometry is further explained in Fig. 2. The x-
axis is determined by the connection between the two dipoles
~r12. The y-axis lies in the plane defined by ~r12 and the shaft
axes. The results shown in this article stem from experiments
with parallel rotation axes of input and output so that Θ≈Φ
applies.
III. QUANTIFYING SYSTEM PARAMETERS
While the work of Borgers et al. focused on the static
equilibrium conditions of a magnetic clutch [10], this article
shows the dynamic behavior of the output when the input
magnet is driven with a constant frequency. Thus, friction is
an important additional parameter in our system which we
determine experimentally by keeping the input angle fixed and
analysing the oscillation of the output around its equilibrium
position. Following refs. [7], [10], the equilibrium position for
the angle β0 of the output as a function of a fixed input angle
α0 can be written as
β0 = arctan
(
1
∆
tan(α0) + k · pi
)
, k ∈ N0. (1)
Here ∆ 6= 0 is the shaft orientation index of the input and
output shaft angles Θ and Φ and writes as
∆ = cos Θ cos Φ− 2 sin Θ sin Φ. (2)
In an ideal system without friction, the oscillation the output
will undergo when turned out of its equilibrium position is
therefore described by
β¨ + κ sin(β − β0) = 0, (3)
where κ is the restoring coefficient defined by
κ =
(
dτax
dβ
)
· 1
Iax
=
D
Iax
. (4)
Here τax is the torque on the output, Iax is its moment of
inertia, both along its rotation axis, and D is the directional
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Fig. 3. Temporal evolution of the output angle β for a locked input at angle
α0. The parallel shaft angles were held constant at Φ = Θ = 31◦. The x-
axis shows the elapsed time after the output was released from the unstable
equilibrium position. The measured data points appear as black dots. The red
curve depicts the fit to the data according to the formula in the top right where
red letters show the fit parameters and their respective values underneath.
constant. For any real coupling, however, this equation is
unsatisfactory, since the ball bearings are prone to friction.
To quantify the influence of friction we conduct an experi-
ment in which the input rotation is prevented while the output
magnet can rotate freely. We first turn the output magnet out
of its equilibrium position until the restoring moment reaches
its maximum. From there we release the output magnet and
record its damped oscillation with the camera. An exemplary
result of such a measurement can be seen in Fig. 3. We make
20 such measurements, each with a different locked input
angle α0. The output and input shaft are parallel to each other
with constant shaft angles Θ = Φ = (31 ± 3)◦. The relatively
high uncertainty stems from the fact, that a small tilt of the
magnets in their sockets is difficult to avoid during their
fixation in our setup, as well as small deviations from the
parallel alignment.
We evaluate our model by fitting it to the data points. We
find that the addition of a single, dry friction-related term is not
sufficient to give a good representation of the experiment. The
data implies that we need another, rotation frequency depended
friction parameter to describe the oscillation. By consideration
of these aspects (3) changes towards
β¨ + ζβ˙ + η sgn(β˙) + κ sin(β − β0) = 0. (5)
Here we call ζ the damping torque coefficient that takes
account for the fluid-like friction in our system. The dry
friction is represented by η, the friction torque coefficient,
defined by
η =
τfr
Iax
=
µF
dcyl
2
Iax
, (6)
with τfr being the friction torque for a normal force F on
the bearings, a rotating cylinder of diameter dcyl and a sliding
friction coefficient µ.
For a realistic model of the output response we need
estimates for the values of ζ and η. Therefore we fit (5)
to our sets of data for different α0 with ζ, η, κ as the fit
parameters. We decide to fit β0 as well. This is more precise
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Fig. 4. Summary of the parameters from fitting (5) to the damped oscillation
of β for different locked input angles α0. The black dots show the obtained
parameter values. The grey dotted lines are guides to the eye. In graph (a)
the square root of the restoring coefficient κ is shown. The red line is the
result of a theoretical calculation for Θ = 31◦ with its uncertainty shown by
the red area. In (b) the damping torque coefficient ζ can be seen. The red line
indicates the arithmetic mean of the data points. Graph (c) shows the friction
torque coefficient η, with the arithmetic mean given by the red line.
than calculating β0 from (1). While the value of β0 is not
interesting, the obtained values of the other fit parameters are
shown in Fig. 4 for the respective locked input angles.
The values obtained for
√
κ are shown in the top panel.
To compare them with a theoretical estimate, we calculate its
value starting from (4). The torque τ is caused by the dipole
dipole interaction and reads
~τ = ~m2 × ~B1. (7)
Here ~B1 is the magnetic flux density of the input magnet
~B1 =
µ0
4pi
3 (~m1 · ~r)~r − ~m1r2
r5
, (8)
while the magnetic moment of the input magnet ~m1, of the
output magnet ~m2 and the distance vector ~r are
~m1 = m1
− cosα sin Θcosα cos Θ
sinα
 ,
~m2 = m2
− cosβ sin Φcosβ cos Φ
sinβ
 , ~r = r
10
0
 .
(9)
Since the output can only rotate around the shaft axis, only
the component τax of the torque along the shaft is of interest.
We calculate it as
τax = ~τ
cos Φsin Φ
0
 . (10)
With (2), (7), (8), (9) this becomes
τax =
µ0
4pi
m1m2
r3
(− sinα cosβ + ∆ cosα sinβ) . (11)
The moment of inertia of the output shaft Iax is difficult to
estimate. Reasons for this are the the spacers on both shaft
ends, the additional moment of inertia from the bearing balls,
and the different densities between the permanent magnet and
the rest of the shaft material. We therefore treat it as a fit
parameter in the calculation of κ. With (11) we get
κ =
µ0m1m2
4pir3Iax
(sinα0 sinβ0 + ∆ cosα0 cosβ0) (12)
We measured the magnetic dipole moments of the input
and output in a former work as m1 =m2 = (3.51± 0.11) JT−1
[9]. The distance between the magnets is r = (40.0± 0.5) mm.
With this, we fit
√
κ via Iax according to (12) to the data
for different α0. The result is seen as the red line in the top
panel of Fig. 4. The red shaded area marks the uncertainty of
the fitted curve that stems from the variation of the constants
within their measurement accuracy. The fitted value for the
moment of inertia is
Iax = 6.45 · 10−5 kgm2. (13)
The complete output shaft has a mass of m= (320± 1) g,
which corresponds to a radius of gyration of
rgyr =
√
Iax
m
= 14.2 mm. (14)
By approximating the output shaft as a circular cylinder and
its mass to be homogeneous, its effective diameter is
deff = 2
rgyr√
2
= 40.16 mm. (15)
This is a reasonable result, since the inside diameter of
the bearings that hold the shaft is dcyl = (30.0± 0.1) mm
and the diameter of the spacers on the shaft ends is
dspacer = (50.0± 0.1) mm.
We see in Fig. 4 that the experimentally obtained values
for κ are in good agreement with the theoretical prediction.
Nevertheless, the fact that the red curve leads to systematically
higher values at the maxima and lower values at the minima
indicates that the actual shaft angles might be slightly smaller
than what we measured at the spacer position.
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The middle and bottom panels of Fig. 4 show the fitted
values for ζ and η. Their relative variation is up to approxi-
mately 100%. Any dependence on α0 however, we interpret as
shortcomings of our setup that hold no further information. We
therefore simply take the arithmetic means of both data sets,
which are shown as the horizontal red line in the respective
graph, and get
ζ = (1.1± 0.4) s−1
η = (23.1± 9.9) s−2. (16)
The sliding friction coefficient µ is determined from (16)
and (13) and yields
µ =
η I
F
dcyl
2
=
η d2eff
4 g dcyl
= 0.031± 0.014, (17)
with g being the gravitational constant. For the dry sliding
friction coefficient between two surfaces of silicon nitride
(Si3N4), the material of the bearing balls and cage, we find
a way higher value of µ= 0.17 in literature [13] [14] [15].
However, one has to keep in mind that we calculated the
friction coefficient for a system with rolling balls instead of
sliding ones. Aramaki et al. investigated the friction of a Si3N4
bearing and found that values for µ vary from 0.01 to 0.05
depending on the applied load and the spinning velocity of the
balls [16]. This is in good agreement with our result.
IV. OUTPUT RESPONSE FOR FINITE DRIVING FREQUENCIES
We now want to analyse the response of the output magnet
while the input magnet is driven with a constant rotation
frequency. From measuring β we calculate the angle difference
δ between input and output as
δ = β − α. (18)
We do so for parallel rotation axes and different shaft angles
Θ = Φ and driving frequencies f .
Three examples of these measurements are shown for
Θ = 31◦ in Fig. 5. Each of them features a unique response of
the output. In the bottom panel δ is periodic with a full rotation
of the input, which we call T -periodic. The middle panel
shows δ to be periodic with a half rotation of the input, i. e.,
T/2-periodic. In the top panel the answer of δ is seemingly
non-periodic, chaotic.
We find that after a short settling phase, each of our
measurements falls in one of these categories. An objective
tool for differentiation is by the method shown in the flowchart
on the right-hand side of Fig. 5. We first make a multi-
harmonic fit δharm to the data
δharm =
(
7∑
i=1
ai sin i α+ bi cos i α
)
+ b0 (19)
with a1,...,7 and b0,...,7 as the fitting parameters. Here i= 1
marks a response with the fundamental mode of the input
while i= 2, ..., 7 are the respective higher harmonics. The
first decision is done regarding whether the output behaves
chaotically or is answering periodically. For this we calculate
the root mean square (RMS) of the difference between δ and
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Fig. 5. The method for differentiating between three types of output rotation.
The right-hand side shows a logical flow chart for the decision making. On
the left-hand side an exemplary graph for each kind is provided. The x-axis
shows the rotation α of the input modulo 360◦. The y-axis shows the angle
difference δ. For each plot the response to the last 10 of 100 full rotations of
the input is shown. Non-periodic response is marked in (a) by empty circles.
Circled crosses in (b) denote T/2 periodicity, and circled dashes in (c) T
periodicity. The red lines show the results of the harmonic fits (19) to the
data points.
δharm for the last 10 rotations of a measurement where 50
positions of α are detected for each rotation, namely
RMS =
√√√√ 1
500
5000∑
m=4501
(δm − δharm(αi))2. (20)
We find that RMS > 20 serves well to be characteristic for a
chaotic output. To differentiate between T periodicity and T/2
periodicity, we calculate the total harmonic distortion (THDF)
of δharm as
THDF =
√∑7
i=2 (a
2
i + b
2
i )
a21 + b
2
1
. (21)
The benefits of this definition of the total harmonic distortion
were shown by Shmilovitz [17]. For THDF = 1, the amplitudes
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of all harmonic modes of δ together are just as big as the
fundamental one. We use THDF > 1 to identify the case of T/2
periodicity. For smaller values the fundamental mode prevails
and δ is seen as T -periodic.
To further investigate the transition between these phases, δ
is shown in Fig. 6 for different driving frequencies of the input
f at constant shaft angles Θ = Φ = 31◦. This way of presenting
the data is adopted from the work of Borgers et al. [10]. It is
explained by a more detailed diagram in the top part of Fig. 6.
The frequencies shown in the bottom part are chosen as
such that the polar diagrams give a good representation of
the phases observed in the experiment and displayed on the
left-hand side. For each plot the measurement started from
the resting position of the input at α = 90◦ and the output
at β = 270◦. This is followed by a settling phase of 90 input
rotations. The data that are shown stem from the next 10 input
rotations.
For f = 1.00 Hz, the experimentally observed δ seems to
behave chaotically. When f is increased up to 1,07 Hz, T/2
periodicity of δ is observed. The thickness of the line indicates
the experimental noise. Both at 1.33 Hz and at 1.48 Hz T/2
periodicity can be seen as well — the pattern clearly is
symmetric with a 180◦ turn of α. This is clearly not the
case anymore for 1.63 Hz and 1.65 Hz where we enter the
T -periodic regime. At 1.68 Hz we observe seemingly chaotic
behavior again.
Simulated results for δ are shown on the right-hand side for
the respective driving frequencies. They were derived using a
model similar to (5) except for a change in the last summand,
because the magnetic torque is now time-dependent. With the
use of (11), (13) and (16) we get
β¨ + ζβ˙ + η sgn(β˙) + gτ (− sinα cosβ + ∆ cosα sinβ) = 0,
(22)
with
gτ =
µ0
4pi
m1m2
Iax r3
. (23)
We solve this equation for β numerically, with discreet time
steps
∆t =
1
n f
, (24)
with f being the driving frequency of the input and n = 50.
For 1.00 Hz the simulation differs qualitatively from the
experiment: the response is 3T -periodic. At 1.07 Hz the
simulation creates a chaotic response. We see a T -periodic
response at 1.33 Hz and a T/2-periodic response at 14.8 Hz.
For 1,63 Hz, 1,65 Hz and 1,68 Hz the simulated data appears
to be chaotic.
In a recent work of Haugen and Edwards it was shown
that the free oscillation of two magnetic dipoles in a plane
does not feature chaotic behavior, contradictory to their own
intuition [18]. This is not in contradiction with our findings
here, because they did not take an externally driven magnet
into account. This adds one degree of freedom to the system,
thus allowing for chaotic motions.
In summary, both experiment and simulation create similar
dynamical scenarios, but a quantitative match can not be
achieved due to the simplicity of our model.
experiment simulation
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Fig. 6. Polar diagrams of the angle differences δ for different driving
frequencies of the input f , and Θ = 31◦. The graphs each show the last 10
of 100 full rotations of input angle α modulo 360◦. On the top an expanded
exemplary diagram is shown that contains the simulated curve for 2,08 Hz.
The radial distance is given by δ and the azimuthal angle by α. The arrows on
the left-hand side mark the respective input driving frequencies. Experimental
results are shown in blue, the simulation in red.
In order to further investigate qualitative changes in the
dynamics of the output magnet in our experiment, the mea-
surement of δ is shown in Fig. 7 as a color map for different
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Fig. 7. Color map of the standard deviation of the angle difference δ for
different shaft angles Θ and different driving frequencies of the input f . The
graph (a) on the left shows experimental data. The graph (b) stems from a
simulation of the system according to (22) using the parameters of (16). Each
data point is represented by a marker: circles indicate chaotic response of the
output, crosses T/2 periodicity, and dashes T periodicity.
parallel shaft angles Θ = Φ and driving frequencies f . The ex-
perimental data shown on the left-hand side can be compared
to a simulation of (22) with appropriate parameters shown on
the right-hand side. In both cases, phases of chaotic behavior
are surrounded by periodic phases with high standard deviation
of δ which stem from oscillations with high amplitudes.
The shaft angles near Θ = 0◦ and Θ = 54.74◦ — the cogging-
free cases [7], [10] — are characterised by a minimum of
RMSδ =
√
Var(δ). Once the shaft angles approach Θ = 35.26◦,
we reach a maximum of this value. This is the position where
the highest cogging occurs, accompanied by a change of the
sense of rotation of output angle β. We conclude that the
cogging of this magnetic gear is an important factor for the
onset of chaotic motion.
It is interesting to note that the red highlighted area of higher
oscillation amplitudes is widest spread at driving frequencies
near f = 1.3 Hz. A possible reason for this could be the
reaching of a resonance frequency of the output shaft. This
might also explain why chaos is predominantly observed near
that frequency.
While the experimental results summarized in Fig. 7 are
restricted to the parameter range accessible in our experiment,
we provide an expanded range in Fig. 8, where the data are
based on purely numerical simulation. The whole range of
shaft angles for parallel alignment is analyzed with increasing
driving frequencies for each configuration that range from
0.1 Hz up to 100 Hz and is shown on a logarithmic scale.
While the symbols and color map are the same as in Fig. 7,
we now free ourselves from the restriction of using the steady
state as an initial condition for each new driving frequency
as done in the experiments. Instead, the driving frequency is
now increased in a semi-static way for each shaft angle. After
each frequency increase of 0.2 Hz, a waiting time of 1000
rotations is implemented. The starting geometry for each new
Θ is α = 0◦ and β = 180◦.
A striking feature is the symmetry breaking between
Θ =−30◦ and Θ = 30◦ above f = 20 Hz. This can be explained
90 60 30 0 30 60 90
shaft angle  ( )
10 1
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Fig. 8. Color map of the standard deviation of the angle difference δ for
different shaft angles Θ and increasing driving frequencies of the input f .
Only simulated data according to (22) are shown with the use of the system
parameters from (16). The step width in Θ is 5◦, and 0.02 Hz in f . Circles
indicate chaotic response of the output, crosses T/2 periodicity, and dashes
T periodicity.
by our starting configuration, which breaks the mirror sym-
metry between positive and negative Θ values. Moreover, it
clearly indicates that multi-stability is present in this regime.
Outside the immediate surrounding of the cogging-free shaft
angle configurations, e. g. at Θ = 25◦, a maximum of RMSδ
is seen near f = 1.25 Hz. For further increase in driving fre-
quency, the amplitude decreases but forms a second maximum
at f ≈ 2.5 Hz. This marks a window of T -periodic response of
the output in an otherwise T/2-periodic surrounding and can
be seen in detail in Fig. 9.
If f is increased even further, RMSδ remains small until a
certain frequency threshold. Beyond that, the input is no longer
locked to the output, the output rather slips through. A more
detailed investigation of this transition is shown in Fig. 10.
An interesting feature of Fig. 8 is the transition from T/2
periodicity to T periodicity, occurring e. g. at Θ = 25 ◦ near
f = 2.2 Hz. This period-doubling transition is examined in
detail in Fig. 9. We simulated this transition by changing the
driving frequency in a quasi-static manner, i. e., after every
frequency change the simulation of (22) was allowed to relax
into an equilibrium situation. This protocol was applied both
for increasing and decreasing frequency steps to cope with the
hysteresis in this transition.
In the bottom panel of Fig. 9 the reciprocal of the total
harmonic distortion THD−1F is shown. Its values are effectively
zero below 1.8 Hz and above 2.5 Hz. In between these frequen-
cies we see a drastic change towards finite values of THD−1F
that reach a maximum around 2.1 Hz. Hysteresis is clearly
present between 1.9 Hz and 2.5 Hz between increasing and
decreasing driving frequencies. At 2.5 Hz as small deviation
between the increasing and decreasing branch can also be
observed. This is presumably caused by the critical slowing
down of the dynamics near this period-doubling bifurcation.
The middle panel shows δfund, the fundamental mode of
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the discrete Fourier transform of the angle difference δ(t).
Its values are zero where THD−1F is zero, and they are finite
in the same regime as well. However, for decreasing driving
frequencies, δfund reaches its maximum at a lower f than
THD−1F at about 1.9 Hz. This plot is especially well-suited
to illustrate that we are dealing with a supercritical period-
doubling bifurcation at 2.5 Hz with the characteristic square
root increase of the order parameter δfund. The bifurcation at
2.1 Hz is subcritical, on the other hand. Its unstable branch
gains stability in a saddle-node bifurcation at 1.85 Hz [19].
The two insets in the middle panel show the trajectories of
β(α) and the corresponding magnetic field energy
E(α, β) =
µ0
4pi
m1m2
r3
(sinα sinβ + ∆ cosα cosβ) (25)
of the output dipole ~m2 in the field of the input dipole ~m1,
color coded in the background. The left inset was taken for
decreasing frequencies at f = 2.1 Hz. The evolution in the
range 0◦ − 180◦ of β(α) is substantially different from the
evolution in the range 180◦ − 360◦, a clear manifestation of
T periodicity.
The right inset shows the behavior for decreasing frequency
steps at f=2.7 Hz. The trajectory is now similar in the first and
the second half of the driving cycle, a clear indication of T/2
periodicity.
The top panel shows the calculated value δavg averaged over
one full rotation of the input. It measures the average lag
between the output and the input angle. The hysteresis also
finds a manifestation in this lag. δavg slightly increases with
an increase in driving frequency for f > 2.5 Hz. This is due
to the increased damping caused by the liquid-like friction.
Below 1.8 Hz, one can observe a local minimum of δavg.
We cannot provide a simple explanation for this minimum,
but it might be connected to the resonance phenomenon near
1.25 Hz, mentioned in the discussion of Fig. 8.
Fig. 8 clearly indicates that the output of the gear might
slip through for any Θ, provided that the driving frequency
is large enough. Understanding the nature of this transition is
of greatest technological interest for the practical application
of the gear. Thus we simulated this transition by applying
the same procedure used to calculate Fig. 9. The results for
Θ = 0◦, the fundamental cogging-free coupling geometry, are
presented in Fig. 10. Starting at a small driving frequency of
1 Hz, the output is locked to the input in the sense that a
constant angle difference δ is asymptotically achieved. This
locked state is illustrated by the yellow line in the upper
inset of Fig. 10, which yields from a simulation at a driving
frequency of 6 Hz. The background color of the inset indicates
the strength of the magnetic field energy given by (25). In
the locked state, the yellow trajectory remains in the valley of
the minimal energy configuration indicated in blue. Increasing
the driving frequency leads to an increase of the locked angle
according to
δlock = arcsin
(
ζβ˙ + η
gτ
)
+ 180◦, (26)
which is determined from (22) by assuming β¨ = 0.
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Fig. 9. The transition between T -periodic output response and T/2 pe-
riodicity according to numerical simulation for Θ = 25◦. The open squares
correspond to increasing, the solid circles to decreasing values of the driving
frequency. The red solid lines and the green dashed lines are guides to the eye.
The left inset shows an example of the phase trajectory from the T -periodic
regime at f = 2.1 Hz, the right inset of the T/2-periodic regime at f = 2.7 Hz.
The background color of the insets indicates the strength of the magnetic field
energy. The valleys are shown in blue, the hills in red.
The locked branch starts at a finite value of 184.4◦ de-
termined by the solid state friction for a driving frequency
f → 0 Hz. The branch terminates in a saddle node bifurcation
a value of 270◦ for a driving frequency fc = gτ−η2piζ determined
by both friction coefficients. It is interesting to note that the
numerical simulation of this branch loses stability slightly
before reaching the saddle node bifurcation located at 270◦.
This can be explained by the distortion caused by the finite
frequency steps of about 1 Hz in the numerical simulation.
In the unlocked slip-through state, which is reached after
a transient following the instability of the locked state, the
output almost ceases to move expect for a relatively small
wiggling. The lower inset provides an example for the phase
trajectory at a driving frequency of 6 Hz. At this frequency,
a clear back and forth movement of the output can be seen,
while the net rotation frequency determined by the difference
β(360◦)−β(0◦) is less than 1 % of the driving frequency and
thus barely visible. This net rotation frequency is indicated by
the solid green circles in Fig. 10 (b). Decreasing the driving
frequency leads to an increase of this slow rotation. The
slip through branch terminates near 5 Hz, i.e., the width of
the hysteresis spans over 80 % of the width of the locked
state. For most technical applications this hysteresis would
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Fig. 10. The transition between the locked and unlocked operation mode of
the gear according to the numerical simulation. The open squares correspond
to increasing, the solid circles to decreasing values of the driving frequency.
The solid black line in (a) is the stable branch of the analytical solution of the
locked state, its unstable branch is indicated as a dashed grey line. The dashed
green line in (b) should only serve to guide the eye. The inset in (a) shows an
example of the phase trajectory in the locked state at a driving frequency of
6 Hz, the inset in (b) of the slip-through state at the same driving frequency.
The background color of the insets indicates the strength of the magnetic field
energy. In the locked state, the yellow trajectory remains in the valley of the
minimal energy configuration (blue). In the slip-through state, the trajectory
crosses the hill indicated in red.
presumably have to be avoided. This is done by working below
the the saddle-node frequency, namely 5 Hz in our case. This
frequency could be increased by using a stronger magnetic
coupling gτ .
V. CONCLUSION AND OUTLOOK
In this work, the dynamic response of a particular mag-
netic gear based on pure dipole-dipole coupling is analysed
experimentally for the first time. A mathematical model for
the dynamics of the output shaft is proposed, which includes
two types of friction in the bearing. This simplified model de-
scribes the experimental findings on a semi-quantitative level.
In particular, it can reproduce T periodicity, T/2 periodicity,
and chaotic responses. Moreover, it enables us to understand
the nature of the bifurcations between these different states.
Most importantly, it helps us to clarify the parameter range for
a safe operation of this magnetic gear: The driving frequency
needs to be sufficiently low, and shaft angles need to be
sufficiently far from Θ = 35.26◦, the angle where the output
rotation changes its sign.
The mathematical model revealed 3T periodicity in a small
parameter range, which has not been seen in the experiment.
Understanding this discrepancy is the goal of ongoing work.
ACKNOWLEDGMENT
It is a pleasure to thank R. Richter, W. Scho¨pf, and S. Vo¨lkel
for valuable hints and discussions. This work has been sup-
ported by the Deutsche Forschungsgemeinschaft (DFG) -
Project No. 389197450.
REFERENCES
[1] E. P. Furlani, “Chapter 4 - permanent magnet applications,” in Permanent
Magnet and Electromechanical Devices, ser. Electromagnetism, E. P.
Furlani, Ed. San Diego: Academic Press, 2001, pp. 207 –
333. [Online]. Available: http://www.sciencedirect.com/science/article/
pii/B978012269951150005X
[2] K. Tsurumoto and S. Kikuchi, “A new magnetic gear using permanent
magnet,” IEEE Trans. Magn., vol. 23, pp. 3622–3624, 1987.
[3] L. Wang, J.-X. Shen, P. C.-K. Luk, W.-Z. Fei, C. Wang, and H. Hao,
“Development of a magnetic-geared permanent-magnet brushless mo-
tor,” IEEE Transactions on Magnetics, vol. 45, no. 10, pp. 4578–4581,
2009.
[4] L. Jian, K. Chau, and J. Jiang, “A magnetic-geared outer-rotor
permanent-magnet brushless machine for wind power generation,” IEEE
Transactions on Industry Applications, vol. 45, no. 3, pp. 954–962, 2009.
[5] K. Atallah and D. Howe, “A novel high-performance magnetic gear,”
IEEE Transactions on magnetics, vol. 37, no. 4, pp. 2844–2846, 2001.
[6] E.-J. Park, S.-Y. Jung, and Y.-J. Kim, “Comparison of magnetic gear
characteristics using different permanent magnet materials,” IEEE Trans-
actions on Applied Superconductivity, vol. 30, no. 4, pp. 1–4, 2020.
[7] J. Scho¨nke, “Smooth teeth: Why multipoles are perfect gears,” Phys.
Rev. Applied, vol. 4, p. 064007, Dec 2015. [Online]. Available:
https://link.aps.org/doi/10.1103/PhysRevApplied.4.064007
[8] J. Scho¨nke, T. M. Schneider, and I. Rehberg, “Infinite geometric
frustration in a cubic dipole cluster,” Phys. Rev. B, vol. 91, p.
020410, Jan 2015. [Online]. Available: https://link.aps.org/doi/10.1103/
PhysRevB.91.020410
[9] S. Hartung, F. Sommer, S. Vo¨lkel, J. Scho¨nke, and I. Rehberg,
“Assembly of eight spherical magnets into a dotriacontapole
configuration,” Phys. Rev. B, vol. 98, p. 214424, Dec 2018. [Online].
Available: https://link.aps.org/doi/10.1103/PhysRevB.98.214424
[10] S. Borgers, S. Vo¨lkel, W. Scho¨pf, and I. Rehberg, “Exploring cogging
free magnetic gears,” American Journal of Physics, vol. 86, no. 6, pp.
460–469, 2018.
[11] Kugellager-Express-GmbH. (2020, May) Full ceramic bearing ce-6006-
si3n4-ptfe. [Online]. Available: https://www.kugellager-express.de/
full-ceramic-deep-groove-ball-bearing-ce-6006-open-30x55x13-mm
[12] MbientLab. (2020, May) Metamotionc mbientlab. [Online]. Available:
https://mbientlab.com/metamotionc/
[13] B. Bhushan and L. B. Sibley, “Silicon nitride rolling bearings for
extreme operating conditions,” ASLE transactions, vol. 25, no. 4, pp.
417–428, 1982.
[14] L. Wang, R. Snidle, and L. Gu, “Rolling contact silicon nitride bearing
technology: a review of recent research,” Wear, vol. 246, no. 1-2, pp.
159–173, 2000.
[15] H. Dalal, Y. Chiu, and E. Rabinowicz, “Evaluation of hot pressed silicon
nitride as a rolling bearing material,” ASLE transactions, vol. 18, no. 3,
pp. 211–221, 1975.
[16] H. Aramaki, Y. Shoda, Y. Morishita, and T. Sawamoto, “The perfor-
mance of ball bearings with silicon nitride ceramic balls in high speed
spindles for machine tools,” Journal of Tribology, vol. 110, no. 4, pp.
693–698, 1988.
[17] D. Shmilovitz, “On the definition of total harmonic distortion and its
effect on measurement interpretation,” IEEE Transactions on Power
delivery, vol. 20, no. 1, pp. 526–528, 2005.
[18] P. T. Haugen and B. F. Edwards, “Dynamics of two freely rotating
dipoles,” American Journal of Physics, vol. 88, no. 5, pp. 365–370,
2020.
[19] S. H. Strogatz, Nonlinear dynamics and chaos. Reading, MA: Addison-
Wesley, 1994.
SUBMITTED TO IEEE TRANSACTIONS ON MAGNETICS 9
Stefan Hartung received the B.S. and M.S degrees
in physics from the University of Bayreuth, Ger-
many, in 2014 and 2017 respectively.
Starting in 2017, he has been a PhD student in the
department Experimental Physics V at the University
of Bayreuth. His research focuses on the interaction
of permanent magnets and their ability to form
cogging-free gears, the investigation of magnetic
dotriacontapoles, and the graphical rectification of
magnetisation curves. He also worked on the move-
ment of permanent magnets on a ferrofluid film, and
the holographic generation of surface relief gratings.
Ingo Rehberg received the doctorate in physics
from the University of Kiel, Germany, in 1983.
He is currently professor of experimental physics
at the University of Bayreuth, Germany. His research
focuses on nonlinear dynamics and pattern formation
in complex continua like liquid crystals, granular
matter and magnetic fluids. The latter ones triggered
his interested in dipole-dipole interaction in general,
and cogging-free magnetic gears in particular.
